We study the shift in the Υ mass due to a non-zero charm quark mass. This shift affects the value of the MS b-quark mass extracted from the Υ system by about −20 MeV, due to an incomplete cancellation of terms that are nonanalytic in the charm quark mass. The precise size of the shift depends on unknown higher order corrections, and might have a considerable uncertainty if they are large.
The bottom quark mass is an important parameter for the theoretical description of B meson decays and b jet production cross sections in collider experiments. In continuum QCD, the most precise determinations of the bottom quark mass parameter have been obtained from data on the spectrum and the electronic partial widths of the Υ mesons. Recently, a number of MS bottom quark determinations have been carried out, which were based on Υ meson sum rules at next-to-next-to-leading order (NNLO) in the non-relativistic expansion, and which consistently eliminated all linear sensitivity to small momenta [1] [2] [3] . The latter is mandatory to reduce the systematic uncertainty in the bottom quark mass below the typical hadronization scale Λ QCD [4, 5] . The analyses mentioned above, however, treated all quarks other than the b quark as massless. This treatment is justified for light quarks that have masses much smaller than the inverse Bohr radius 1/ r of the non-relativistic bottom-antibottom system i.e. for up, down and strange quarks, because in this case the theoretical expressions describing the bottom-antibottom dynamics and the conversion to the MS bottom mass definition can be expanded in the light quark masses. Like the contributions that are linearly sensitive to small momenta, the terms linear (and non-analytic) in these light quark masses cancel out in the analysis. At NLO in the nonrelativistic expansion this can be seen explicitly by considering the effects of a light virtual quark to the static energy of a bottom-antibottom quark pair with spatial distance r,
where M b is the bottom quark pole mass and V stat the potential energy of the non-relativistic bottom-antibottom quark system. At order α 2 s the correction coming from the finite mass of a light quark q to the pole mass contribution reads [6] 
where δM q b is the shift in the b-quark pole mass keeping the b-quark MS mass fixed, m q is the mass of the light quark, and
1 The dominant terms that are linearly sensitive to low momenta in the Schrödinger equation that describes the bottom-antibottom dynamics are all contained in the static energy. [4, 5] The shift δM q b is non-analytic in the quark masses, and should be regarded as being of the form δM
, so that it is explicitly proportional to M b , which breaks the b-quark chiral symmetry. The limiting value Eq. (5) can be easily computed using heavy quark effective theory. At the scale µ = m b , one matches to a theory in which the b-quark is treated as a static field, with the residual mass term equal to zero, so that the propagator is i/(k · v). At the lower scale µ = m c , one integrates out the charm quark. The matching condition at this scale induces a residual mass term for the b-quark, which is given by computing the graph in Fig. 1 The shift in the bottom-antibottom quark potential energy due to a light quark q is
where Ris thepair production cross section for the center-of-mass energy λ in e + e − -annihilation normalized to the massless cross section. For m q ≪ 1/ r ≈ M b α s the static potential energy can be expanded in m q r:
and the contribution linear in m q cancels in the total static energy, Eq. (1) On the other hand, for the case that a light quark mass is comparable in size to the inverse Bohr radius, i.e. for the charm quark, the full m q -dependence of δV q stat has to be taken into account. In this case the cancellation of the linear charm mass term between the pole mass and potential contributions to the static energy, Eq. (2), is incomplete. In this letter we show that this feature can lead to sizeable effects in the MS bottom quark mass determination, compared to when the charm quark is treated as massless.
There are two reasons why the incomplete cancellation of the linear charm mass contribution can lead to a sizeable effect. First, the linear charm mass term is not suppressed by a factor π 2 , as one might expect from a contribution coming from a loop integration (see Eq. (2)). This is because the linear charm mass contribution represents a correction generated by a non-analytic linear dependence on infrared momenta. A similar effect is known in chiral perturbation theory where non-analytic m 3 π corrections from loop diagrams are also not suppressed by powers of π. Second, the scale of the strong coupling of the linear charm mass term in Eq. (2) is of order the charm mass rather than the bottom quark mass. This can be understood from the fact that the charm mass serves as an infrared cutoff for the non-analytic linear dependence on infrared momenta just mentioned before. Thus, the linear charm mass term is generated at momenta of order m c . The effective field theory computation of Fig. 1 2) . For this calculation it is sufficient to consider the static limit, i.e. we only need to determine the linear charm mass corrections to the bottom quark self-energy due to the chromostatic Coulomb field. The order α 3 s BLM linear charm mass contributions in the bottom quark pole mass can be obtained from the formula
where we assumed that m c is the charm pole mass, and β 0 = 11 − n l for n l = 3 light quark flavors. The factor of two in front of the β 0 term arises because the charm quark loop can be inserted on both sides of the massless fermion loops. We have also included the chromostatic self-energy contribution at order α 
which corresponds to the BLM scale µ pole BLM = 0.388 m c . Obviously, the BLM calculation indicates a very low renormalization scale for the strong coupling governing the linear charm quark mass contribution.
To illustrate the size of the corrections caused by the incomplete cancellation of the linear charm quark terms let us examine the difference in the MS bottom quark mass m b (m b ), determined from the mass of the Υ(1S) meson, M Υ(1S) = 9.460 GeV, for the two cases that that the finite charm mass effects are either taken into account or neglected. For simplicity, we only consider an extraction of the MS bottom quark mass at NLO in the non-relativistic expansion. A more thorough analysis using full NNLO expressions and including also a sum rule analysis based on data for all known Υ mesons will be carried out elsewhere [8] .
Including the effects of the charm quark mass from Eq. (7) properly in first order timeindependent perturbation theory, the Υ(1S) meson mass at NLO in the non-relativistic expansion reads [9, 10] 
where [10] h(x) ≡ − 11 6
and a 1 = 31 3 − 10 9
n l for n l = 3 massless quark flavors [11, 12] . For x → 0 the function h has the limiting behavior h(x → 0) = −11/6 + ln(2/x) + 3πx/4 + O(x 2 ). Using the upsilon expansion up to order ǫ 2 [13] and the expressions given in Eqs. (2) and (11) we arrive at the following formula for the shift in the MS bottom quark mass (C F = 4/3):
where we have taken into account only the term linear in the charm quark mass from Eq. (2).
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The scale of the strong coupling contained in the first line of Eq. (14) is of order the inverse Bohr radius. We identify this scale with the one of the linear charm mass term. In deriving Eq. (14), the terms −11/6 + ln(2/x) in h(x → 0) have been absorbed into Eq. (11), with the replacement n l → n l + 1 = 4. This gives the usual relation between the 1S and MS masses neglecting the charm quark mass, so these terms in h(x) do not contribute to the shift ∆m b .
In Fig. 2 we have displayed −∆m b as a function of α s . α s has to be evaluated at a scale of order the charm mass as discussed above. The solid, dashed, dash-dotted and dotted lines correspond to the choices m c = 1.7, 1.5, 1.3 and 1.1 GeV, respectively, for the charm quark mass. For α s ≈ 0.4, which corresponds to a choice of the renormalization scale equal to the charm quark mass, we find that the shift is between −10 and −20 MeV. If a smaller renormalization scale is assumed, the shift can amount to more than −50 MeV for larger choices of the charm quark mass. The spread in the curves displayed in Fig. 2 shows that the shift in the MS bottom quark mass can be of order several tens of MeV. The exact value, however, contains a considerable uncertainty, which is amplified by the large value of the strong coupling governing the ∆m b . A complete NNLO analysis for the MS bottom quark extraction from Υ sum rules will be indispensable to accurately determine the effect of a nonzero charm mass. However, if the scale governing the strong coupling constant in ∆m b is indeed as low as the BLM scale estimate carried out above indicates, a considerable uncertainty might persist. 
